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Abstract
We explore the consequences of the emergence of linear and nonlinear spectral singularities
in TE modes of a homogeneous slab of active optical material that is placed between two
mirrors. We use the results to derive explicit expressions for the laser threshold condition and
laser output intensity for these modes of the slab and discuss their physical implications. In
particular, we reveal the details of the dependence of the threshold gain and output intensity
on the position and properties of the mirrors and on the real part of the refractive index of
the gain material.
Keywords: Nonlinear spectral singularity, Kerr nonlinearity, threshold gain, laser output in-
tensity
1 Introduction
A slab of homogeneous gain material that is placed between a pair of parallel mirrors, as depicted
in Fig. 1, provides a simple model for a laser. The mirrors act as the boundaries of a Fabry Perot
resonator that enhance the optical path of the wave inside the gain region, hence reducing the
threshold gain. The laser oscillations start once the gain coefficient g for the system exceeds its
threshold value g0. The produced laser light can then exit the system through the mirror with
higher transmission (lower reflection) coefficient.
In principle regardless of the details and geometry of a laser, in our case the type of the gain
material and the presence and properties of the mirrors, laser light emission involves the generation
of outgoing coherent electromagnetic waves. Purely outgoing solutions of a wave equation define its
resonances [1]. If such a solution is required not to decay and behave like a scattering solution, i.e.,
tend to a plane wave in spatial infinities, then its wavenumber and consequently its energy must
be real. Recalling that the imaginary part of the energy of a resonance determines its width, we
can relate laser light emission to certain zero-width resonances. Ref. [2] identifies these with the
mathematical notion of a spectral singularity [3, 4, 5]. A remarkable outcome of this identification
is that the existence of a spectral singularity for an optical potential describing an active system
coincides with the laser threshold condition for the system, i.e., g = g0 for a homogenous slab laser.
An explicit demonstration of this result is provided in Ref. [6] for normally incident TE modes of
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Figure 1: (Color online) Schematic representation of a planar slab of thickness L that is made out
of a homogeneous gain material, and surrounded by mirrors.
a mirrorless slab laser and subsequently used as a computational scheme for the determination of
the threshold gain for bilayer gain media [7, 8] and media with spherical or cylindrical geometries
that lase in their radial [9] or whispering gallery modes [10].
Another interesting application of spectral singularities is in the study of coherent perfect ab-
sorption (antilasing) [11, 12, 13, 14]. A system serves as a coherent perfect absorber provided
that the complex-conjugate of the associated optical potential has a spectral singularity [7]; in
effect spectral singularities provide the basic mathematical tool for describing lasers and anti-
lasers. For further discussion of physical aspects and applications of spectral singularities, see
[15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26].
Another characteristic feature of lasing is its nonlinear nature [27]. Once the gain coefficient
exceeds its threshold value and the laser oscillations begin, the propagation of purely outgoing
waves inside the gain medium leads to a nonlinear response of the medium. This observation
has motivated a generalization of the notion of spectral singularity to nonlinear wave equations
[28, 29, 30]. Just above the threshold the nonlinearity can be treated as a first-order perturbation of
the relevant Helmholtz equation. Refs. [31, 32, 33] show that if we identify this perturbation with
a weak Kerr nonlinearity, then the condition for the emergence of a nonlinear spectral singularity
yields an expression for the laser output intensity I that is linear in the gain coefficient g. More
specifically,
I =
(
g − g0
σg0
)
Î , (1)
where σ is the Kerr coefficient, and Î is a function of the geometry and other parameters of the
system. The linear dependence of I on g is one of the basic results of laser physics. Here it follows
from the purely mathematical condition of the existence of a nonlinear spectral singularity [28].
In the present article, we explore the linear and nonlinear spectral singularities in the TE modes
of a homogenous slab of gain material that is placed between a pair of parallel mirrors. Our aim
is to determine the explicit form of the threshold gain g0 and the slope Î of the intensity without
having to rely on any physical arguments. More precisely, we offer a derivation of the laser threshold
condition and the linear-dependence of the intensity on the gain coefficient using the following two
basic postulates:
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Postulate 1: The emitted laser light is purely outgoing.
Postulate 2: The interaction of the wave with the slab is described in terms of a weak Kerr
nonlinearity.
This turns out to clarify the contribution of the mirrors and the role of their position and reflection
properties in optimizing the performance of the laser.
2 Helmholtz Equation and Its Scattering Solutions
Consider a homogeneous slab of thickness L placed between two mirrors as shown in Fig. 1. We
use a coordinate system where the slab’s faces are parallel to the x-y plane and given by z = 0 and
z = L.
Let µ1 and µ2 label the mirrors located to left and right of the slab, respectively. For definiteness
we identify these with the intervals on the z-axis that give the position of the mirrors;
µ1 := {z| − a− t1 ≤ z ≤ −a}, µ2 := {z| b ≤ z ≤ b+ t2},
where a and b are positive real parameters and tj is the thickness of µj. We characterize the
properties of the mirrors µj in terms of their transfer matrix:
Mj :=
1
Tj
[
T 2j − RrjRlj Rrj
−Rlj 1
]
,
where R
l/r
j and Tj are the complex left/right reflection and transmission amplitudes of µj, [2].
We assume that the mirrors are not active components of our system, so that their reflection and
transmission coefficients, |Rl/rj |2 and |Tj|2, add up to unity;
|Rl/rj |2 + |Tj|2 = 1. (2)
Suppose that the slab is made out of nonmagnetic weakly nonlinear active material, and that
the system interacts with time-harmonic electromagnetic waves whose electric and magnetic fields
have the form e−ickt ~E(~r) and e−ickt ~H(~r), respectively. Here c is speed of light in vacuum and k is
the wavenumber. We describe the electromagnetic properties of the slab using its permittivity:
ǫ(~r) = ǫ0
[
n
2 + σ| ~E(~r)|2
]
, (3)
where ǫ0 is the permittivity of the vacuum, n is the complex refractive index of the slab in the
absence of the nonlinearity, and σ is the Kerr coefficient.
Throughout this article we confine our attention to the study of transverse electric (TE) waves.
The electric field ~E(~r) and the wave vector ~k for a TE wave have the form
~E(~r) = eikxxE (z)~ey, ~k = kx~ex + kz~ez, (4)
where ~ex, ~ey, and ~ez are respectively the unit vectors along the x-, y-, and z-axes,
kx := k sin θ, kz := k cos θ, (5)
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θ is the incidence angle depicted in Fig. 1, and E (z) is a function whose form is determined by
Maxwell’s equations [35]. In view of (3) – (5), these reduce to
~H(~r) = i(kZ0)
−1eikxx [E ′(z)~ex − ikxE (z)~ez] , (6)
E
′′(z) + k2[ǫˆ(z)− sin2 θ]E (z) = 0, (7)
where Z0 is the vacuum impedance, z /∈ µj , and
ǫˆ(z) =
{
n
2 + σ|E (z)|2 for 0 ≤ z ≤ L,
1 otherwise,
(8)
is the relative permittivity of our system outside the mirrors.
Next, we introduce
z :=
z
L
, K := Lkz = kL cos θ,
a :=
a
L
, b :=
b
L
, tj :=
tj
L
,
γ := −σk2L2, n˜ := sec θ
√
n2 − sin2 θ.
(9)
Then according to (7) and (8),
E (Lz) =

A1e
iK z +B1e
−iK z for z < −a− t1,
A2e
iK z +B2e
−iK z for z ∈ [−a, 0),
ζ(z) for z ∈ [0, 1],
A4e
iK z +B4e
−iK z for z ∈ (1,b],
A5e
iK z +B5e
−iK z for z > b+ t2,
(10)
where Ai and Bi are complex coefficients, and ζ : [0, 1] → C solves the nonlinear Schro¨dinger
equation:
− ζ ′′(z) + K2(1− n˜2)ζ(z) + γ|ζ(z)|2ζ(z) = K2ζ(z), (11)
for z ∈ (0, 1).
The coefficients Ai and Bi are restricted by the standard electromagnetic interface conditions
which amount to the continuity of the solution (10) and its derivative at z = 0 and z = 1 as well as
the matching conditions given by the transfer matrix of the mirrors. We can write these conditions
in the form:
A2 = −iG+(0)
2K
, B2 =
iG−(0)
2K
,
A4 = −i e
−iKG+(1)
2K
, B4 =
i eiKG−(1)
2K
,
(12)
[
A2
B2
]
= M1
[
A1
B1
]
,
[
A5
B5
]
= M2
[
A4
B4
]
, (13)
where
G±(z) := ζ
′(z)± iK ζ(z). (14)
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For a left-incident wave, B5 = 0, and we can use (12) and (13) to compute
Rl :=
B1
A1
=
Rl1G+(0)−
(
T 21 −Rl1Rr1
)
G−(0)
G+(0) +Rr1G−(0)
, (15)
T l :=
A5
A1
=
T1T2e
−iKG+(1)
G+(0) +Rr1G−(0)
. (16)
Similarly, for a right-incident wave A1 = 0, and (12) and (13) imply
Rr :=
Rr2e
2iKG−(1)−
(
T 22 −Rl2Rr2
)
G+(1)
e2iKG−(1) +Rl2G+(1)
, (17)
T r := −T2e
iK
T1
[
Rl1G+(0)−
(
T 21 − Rl1Rr1
)
G+(0)
e2iKG−(1) +Rl2G+(1)
]
. (18)
3 Determination of Spectral Singularities
Spectral singularities associated with the left-incident waves correspond to the poles of Rl and T l,
[2, 28]. According to (15) and (16), they are characterized by the condition:
G+(0) +G−(0)R
r
1 = 0. (19)
In view of (14), this is equivalent to
ζ ′(0) + iKRr
1
ζ(0) = 0, (20)
where KRr
1
:= K
(
1−Rr
1
1+Rr
1
)
. If we remove the first mirror, Rr1 = 0 and KRr1 = K.
Equation (20) reduces the problem of finding spectral singularities to solving the nonlinear
Schro¨dinger equation (11). Assuming that γ ≪ 1, we can use first-order perturbation theory for
this purpose. This means that we seek for a solution of the form
ζ(z) ≃ ζ0(z) + γζ1(z), (21)
where ζ0(z) solves the linear Helmholtz equation,
ζ ′′0 (z) + K
2
n˜
2 ζ0(z) = 0, (22)
and fulfills the same interface conditions at z = 0 and z = 1,
ζ1(z) :=
∫
z
z0
G(z− z′) |ζ0(z′)|2 ζ0(z′) dz′, (23)
z0 ∈ [0, 1], and G(z− z′) = sin[Kn˜(z− z′)]/Kn˜ is the Green’s function for (22).
Next, we impose the condition (20) for the existence of a spectral singularity. This leads to
an equation that we expand in powers of γ and ignore the quadratic and higher order terms. We
then demand that the zero- and first-order terms vanish separately. The vanishing of the zero-order
term determines the linear spectral singularities. We use subscript zero to identify the parameters
associated with the emergence of the latter, e.g. n0, n˜0, k0, and K0 are the values of n, n˜, k, and K
at which a linear spectral singularity exists. The values of these quantities for which the nonlinear
spectral singularities arise have the form
n = n0 + γ n1, n˜ = n˜0 + γ n˜1, k = k0 + γk1, K = K0 + γ K1, (24)
where n1, n˜1, k1 and K1 are the first-order nonlinear corrections.
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3.1 Linear spectral singularities and threshold gain
To determine linear spectral singularities we set n = n0, n˜ = n˜0, and K = K0, and solve (22). We can
easily find the general solution of this equation and impose the interface and matching conditions,
(12) and (13), together with B5 = 0 to obtain
ζ0(z) =
A5
2n˜0T2
[
U+ e
iK0n˜0(z−1) + U− e
−iK0n˜0(z−1)
]
, (25)
where
U± := (n˜0 ± 1)eiK0 + (n˜0 ∓ 1)Rl2e−iK0 . (26)
By definition, (25) satisfies the spectral singularity condition (20) with n = n0 and K = K0. It is
not difficult to express this condition in the form
e2iK0n˜0 =
V+
V−
U+
U−
, (27)
where
V± := (n˜0 ± 1) + (n˜0 ∓ 1)Rr1. (28)
Next, we write Eq. (27) in terms of the quantities of direct physical significance. To this end,
we first denote the real and imaginary parts of n (respectively n0) by η and κ (respectively η0 and
κ0), so that
n = η + iκ, n0 = η0 + iκ0, (29)
and recall that the gain coefficient of the slab and its threshold value are respectively given by [36]:
g = −2kκ, g0 = −2k0κ0. (30)
We can determine g0 and k0 by equating the absolute-value and the phase of the left- and right-hand
sides of (27), respectively. This gives
g0 = g
(s)
0 + g
(1)
0 + g
(2)
0 , (31)
k0 =
πm− ϕ0
L cos θRe(n˜0)
, (32)
where
g
(s)
0 :=
2a0
L
ln
∣∣∣∣ n˜0 + 1n˜0 − 1
∣∣∣∣ , (33)
g
(1)
0 :=
a0
L
ln
∣∣∣∣∣1 +
n˜0−1
n˜0+1
Rr1
1 + n˜0+1
n˜0−1
Rr1
∣∣∣∣∣ , (34)
g
(2)
0 :=
a0
L
ln
∣∣∣∣∣1 +
n˜0−1
n˜0+1
Rl2e
−2iK0
1 + n˜0+1
n˜0−1
Rl2e
−2iK0
∣∣∣∣∣ , (35)
a0 :=
Im(n0)
cos θ Im(n˜0)
, (36)
m = 1, 2, 3, . . . is a mode number, and ϕ0 is the phase angle of V+U+/V−U−. g
(s)
0 and g
(j)
0 respectively
give the contribution of the slab and the mirror µj to the threshold gain. In the absence of the
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Figure 2: (Color online) Plots of the threshold gain g0 for incidence angles θ = 0
◦ and 60◦ as a
function of the distance between the slab and the mirrors, i.e., a for the left mirror and b′ := b− L
for the right mirror. The relevant physical parameters are given by (39) and (40) .
mirrors, Rr1 = R
l
2 = 0, g
(1)
0 = g
(2)
0 = 0, and we find g0 = g
(s)
0 . This coincides with the formula
obtained in [21] for the threshold gain coefficient pertaining the TE modes of a mirrorless slab.
In Appendix A, we give the explicit form of g
(s)
0 , g
(1)
0 , and g
(2)
0 for a slab made of a typical
high-gain material with a thickness much larger than the wavelength of the emitted wave, where
|κ0| ≪ η0 − 1≪ k0L.
As expected the presence of mirrors can have drastic effects on the threshold gain. In order to
arrive at a quantitative description of these effects, first we express the reflection and transmission
amplitudes, R
l/r
j and Tj , of the mirrors in terms of the reflection and transmission amplitudes, R
l/r
j
and Tj , of identical mirrors that are adjacent to the slab boundaries. Because under a translation
z → z − d, Rl/rj and Tj transform according to: Rrj → e−2idkzRrj , Rlj → e2idkzRlj , and Tj → Tj , [38],
for k = k0 we have
Rr1 = e
2iaK0R
r
1 , R
l
2 = e
2ib′K0R
l
2, Tj = Tj , (37)
where a := a/L and b′ := b− 1 = b/L− 1. As noted in Ref. [37], we can take Rr1 and Rl2 real and
Tj purely imaginary, so that
T1 = i
√
1−Rr12, T2 = i
√
1−Rl22. (38)
Figures 2-5 provide graphical demonstrations of the consequences of the exact expression for the
threshold gain g0 that is given by (31) – (36). To produce these graphs we have used the following
values for the relevant physical parameters.
η0 = 3.4, L = 300 µm, m = 1360, λ0 = 1500 nm, a = b
′ = 10 cm, (39)
R
r
1 ≈ 0.98995 (|Rr1|2 = 98%), Rl2 ≈ 0.99950 (|Rl2|2 = 99.9%). (40)
Fig. 2 shows the plots of g0 as a function of the distance between the slab and the mirrors. The
minima of the curves correspond to the optimal positions of the mirrors. Fig. 3 describes the effects
of changing the reflectivity of the mirrors on g0 for a normally incident TE wave (θ = 0). It
reveals the surprising fact that, for a sufficiently poor mirror, g0 is not a decreasing function of its
reflectivity. Fig. 4 reveals the dependence of g0 on the incidence angle θ. For a value of g0 between
its minimum and maximum values there are intervals of values of the incidence angle θ where the
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Figure 3: (Color online) Plots of the threshold gain g0 for a normally incident TE wave as a
function of the reflectance of the mirrors, |Rr1|2 and |Rl2|2. To plot the left and right graphs we have
respectively chosen |Rl2|2 = 99.9% and |Rr1|2 = 98%. Other relevant physical parameters are given
by (39).
system can attain and exceed the threshold gain and laser oscillations begin. The two highest peaks
of the g0-θ graph are reminiscent of the maximum of the threshold gain curve for the TM modes of a
mirrorless slab that is attained at the Brewster’s angle [21]. These peaks are related to the presence
of the mirrors. Their location and height depend on the reflectivity of the mirrors. Removing each
of the mirrors results in the disappearance of the corresponding peak. Fig. 5 demonstrates the effect
of the real part of the refractive index η0 on the threshold gain coefficient g0 for a normally incident
TE wave.
3.2 Nonlinear spectral singularities and laser output intensity
Nonlinear spectral singularities of our system are characterized by (19) or (20). In what follows
we wish to derive an explicit form of these conditions in terms of the physical parameters of the
system. First, we introduce
G(n,K) := G+(0) +G−(0)R
r
1, (41)
so that (19) reads G(n,K) = 0. We then use first-order perturbation theory in the nonlinearity
parameter γ to satisfy this relation. To do this we write
G(n,K) = G(0)(n,K) + γG(1)(n,K), (42)
and assume that G(ℓ)(n,K) are independent of γ. We then substitute n = n0+γn1 and K = K0+γK1
in the right-hand side of (42), determine the terms of order γ0 = 1 and γ1 = γ of the resulting
expression, and demand that they vanish separately. Doing this for the zero-order term yields
G(0)(n,K) = 0 which by construction specifies linear spectral singularities and results in n = n0 and
K = K0. Requiring the first-order term to vanish gives
n1∂n0G
(0)(n0,K0) + K1∂K0G
(0)(n0,K0) +G
(1)(n0,K0) = 0. (43)
Our task is to explore the consequences of this equation.
Let η1 and κ1 respectively denote the real and imaginary parts of n1, so that
n1 = η1 + iκ1. (44)
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Figure 4: (Color online) Plots of the threshold gain g0 as a function of θ0. The relevant physical
parameters are given by (39) and (40). The highest peaks are located at θ0 = 89.083
◦ and θ0 =
89.955◦. They depend on the position and the reflectivity of the mirrors.
Figure 5: (Color online) Graph of the threshold gain g0 as a function of the real part of the refractive
index η0 for a normally incident TE wave. Here we have used the numerical values given by (39)
and (40) for the relevant physical parameters except for the value of η0 which is the independent
variable.
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Substituting this equation in (43) and supposing that the presence of nonlinearity does not change
the value of η, i.e., setting η1 = 0, we can solve (43) for κ1 and K1. This yields
κ1 =
Re[G
(1)
+ ] Im[∂K0G
(0)
+ ]− Im[G(1)+ ] Re[∂K0G(0)+ ]
Im[∂K0G
(0)
+ ] Im[∂n0G
(0)
+ ] + Re[∂n0G
(0)
+ ] Re[∂K0G
(0)
+ ]
, (45)
K1 = − Im[G
(1)
+ ] Im[∂n0G
(0)
+ ] + Re[G
(1)
+ ] Re[∂n0G
(0)
+ ]
Im[∂K0G
(0)
+ ] Im[∂n0G
(0)
+ ] + Re[∂n0G
(0)
+ ] Re[∂K0G
(0)
+ ]
. (46)
In Appendix B, we give explicit formulas for ∂K0G
(0)
+ , ∂n0G
(0)
+ , and G
(1)
+ . Using these formulas or by
direct inspection, we observe that the right-hand side of (45) and (46) are proportional to |A5|2. In
other words
κ̂1 :=
κ1
|A5|2 , K̂1 :=
K1
|A5|2 , (47)
are A5-independent.
Next, we use (24), (30), and (44) to show that up to the linear term in γ the gain coefficient has
the form [31]:
g = g0
[
1 + γ
(
K1
K0
+
κ1
κ0
)]
. (48)
Substituting (47) in this relation and noting that the time-averaged intensity of the wave emitted
from the right-hand face of the mirror µ2 is given by Ir := |A5|2/2, we can show that Ir satisfies
(1), i.e.,
Ir =
(
g − g0
σg0
)
Iˆr, (49)
where
Îr := − κ0 cos θ
2
2K0(κ̂1K0 + κ0K̂1)
. (50)
This is the intensity slope that encodes the specific information about the output intensity of the
slab laser for waves propagating to the right.
Next, we determine the time-averaged output intensity for waves propagating to the left, i.e.,
Il := |B1|2/2. To do this we first recall that spectral singularities correspond to purely outgoing
waves. In our case, this is equivalent to A1 = B5 = 0. With the help of this relation and Eqs. (12),
(13), and (27), we find
A5 =
(
T2 V− e
iK0n˜0
T1 U+
)
B1.
We can use this equation together with (47) to express the K1 and κ1 appearing on the right-hand
side of (48) in terms of B1. This in turn implies
Il =
|B1|2
2
=
(
g − g0
σg0
)
Îl, (51)
where
Îl =
∣∣∣∣U−V+
∣∣∣∣2
√
1− |Rr1|2
1− |Rl2|2
e−2K0Im(n˜0) Îr. (52)
We can obtain the explicit form of the intensity slopes Îr/l by substituting the expression for
∂K0G
(0)
+ , ∂n0G
(0)
+ , and G
(1)
+ , which we give in Appendix B, in (45) and (46) and using the result in
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Figure 6: (Color online) Logarithmic plots of Îl and Îr as a function of the distance of the mirrors
from the slab, i.e., a with b′ = 10 cm (on the left) and b′ with a = 10 cm (on the right), for θ = 0◦.
Values of the other relevant physical parameters are given by (39) and (40).
Figure 7: (Color online) Logarithmic plots of Îl as functions of the distance of the mirrors from the
slab, i.e., a with b′ = 10 cm (on the left panel) and b′ with a = 10 cm (on the right panel), for
θ = 0◦ and 60◦. Values of the other relevant physical parameters are given by (39) and (40).
(47), (50), and (52). This leads to extremely lengthy formulas for Îr/l which we do not include here.
We suffice to provide a graphical examination of their physical implications. Here we employ (39)
and (40) and set |T1|2 = 2% and |T2|2 = 0.1% which follow from (40) and (38).
Fig. 6 shows the dependence of Îl and Îr on the position of the mirrors for right-incident TE
waves (θ = 0◦). As expected, the output intensity for the waves emitted from the left mirror, i.e.,
µ1, is much larger than the one from the right mirror. This is simply because |T1|2 = 20|T2|2. The
peaks correspond to the optimal positions of the mirrors. We have checked that the general behavior
depicted in Fig. 6 applies also for oblique TE waves. The only difference is that the distance between
the adjacent peaks depends on the value of the incidence angle. This is shown in Fig. 7 for Îl.
Fig. 8 reveals the effect of the change in the reflectance of the mirrors on the output intensity
of emitted waves. The fact that Îl > Îr is clearly seen from this figure.
Fig. 9 describes the dependence of Îl on the incidence angle θ. Îl turns out to oscillate rapidly
as one changes θ.
Finally, Fig. 10 shows the effect of changing the real part η of the refractive index of the gain
material on Îl. Again Îl experiences rapid oscillations as one changes η.
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Figure 8: (Color online) Logarithmic plots of Îl and Îr as a function of |Rr1|2 with |Rl2|2 = 99.9%
(on the left) and |Rl2|2 with |Rr1|2 = 98% (on the right) for θ = 0◦. Values of the other relevant
physical parameters are given by (39) and (40).
Figure 9: (Color online) Logarithmic plots of Îl as a function of θ. Values of the relevant physical
parameters are given by (39) and (40).
Figure 10: (Color online) Logarithmic plot of Îl as a function of η for θ = 0
◦. Values of the other
relevant physical parameters are given by (39) and (40).
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4 Discussion and Conclusion
Textbooks usually offer the following formula for the threshold gain for the normally incident TE
modes of the system we consider in this article [39].
g0 = − 1
2L
ln(r1r2) + α, (53)
where r1 := |Rr1|2 and r2 := |Rl2|2 are reflectance of the mirrors, and α is the distributed loss per unit
length which is not associated with the mirrors and may usually be ignored. A simple consequence
of (53) is that the threshold gain does not depend on the position of the mirrors. This seems to
contradict our results which follow the identification of laser light emission with the production of
purely outgoing waves, i.e., Postulate 1 of Sec. 1. To clarify the situation, let us set θ = 0 in (31) –
(36). In this case, n˜ = n, a0 = 1, and we can express (31) in the form (53) provided that we set
α =
1
L
ln
∣∣∣∣[ 1 + n̂0Rr11 + n̂0(Rr1)−1
] [
1 + n̂0R
l
2e
−2iK0
1 + n̂0(Rl2)
−1e2iK0
]∣∣∣∣ , (54)
and introduce n̂0 := (n0 − 1)/(n0 + 1). Therefore, our analysis shows that α does depend on the
properties of the mirrors particularly when |n0| differs from 1 substantially. For typical gas lasers
|n0| ≈ 1, |n̂0| ≪ 1 and we can ignore α. This agrees with the standard textbook description of the
threshold gain.
Our investigation of laser output intensity relies on both Postulates 1 and 2 of Sec. 1. It provides
a derivation of the linear dependence of the output intensity on the gain coefficient, i.e., Eq. (1), and
gives an explicit formula for the intensity slope Î. The only free parameter of this construction is
the Kerr coefficient σ that in a sense stores the information about the microscopic features of lasing
phenomenon. The general behavior of the output intensity is described by the dependence of Î on
various macroscopic parameters. We have offered a detailed examination of these for our simple
system. Our approach can be slightly extended to the cases that the real part of the refractive
index of the slab η undergoes changes due to the presence of the nonlinearity. For example, one
can use a particular dispersion relation to relate η to the k and use the information regarding the
change in k0, i.e., k0 → k0+ γk1 to find the change in the value of η0, namely γη1. As shown in [33]
for a mirrorless slab laser, this procedure gives η1 = βK1, where β is a real parameter carrying the
information regarding the dispersion properties of the gain medium. The use of η1 = βK1 together
with (48) again leads to Eq. (1) for the output intensity, but now the intensity slope Î also involves
β.
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Appendix A: g
(s)
0 and g
(j)
0 for typical high-gain material
For a slab made of a typical high-gain material with a thickness much larger than the wavelength
of the emitted wave, |κ0| ≪ η0 − 1≪ k0L. In view of this relation and Eqs. (32) – (36),
k0 ≈ πm
L
√
η20 − sin2 θ
,
g
(s)
0 ≈
2a0
L
ln
∣∣∣∣ η˜0 + 1η˜0 − 1
∣∣∣∣ , a0 ≈
√
η20 − sin θ2
η0
,
g
(1)
0 ≈
a0
L
ln
∣∣∣∣(η˜0 + 1)− (η˜0 − 1)Rr1(η˜0 − 1) + (η˜0 + 1)Rr1
∣∣∣∣− g(s)02 ,
g
(2)
0 ≈
a0
L
ln
∣∣∣∣b0 + 4Rl2(1 +Rl22 )(η˜20 + 1)a1 + 2Rl22 (η˜20 − 1)a2√a3a4
∣∣∣∣− g(s)02 ,
where ‘≈’ labels approximate equalities in which we neglect terms of order κℓ0 and (κ0/m)ℓ−1 with
ℓ ≥ 2, and
η˜0 := sec θ
√
η20 − sin θ2, κ˜0 :=
η0κ0 sec θ√
η20 − sin θ2
,
b0 := (1 +R
l4
2 )(η˜
2
0 − 1)2 + 4Rl22 (η˜20 + 1)2,
a1 = (η˜
2
0 − 1) cos
(
2πm
η˜0
)
+ κ˜0 sin
(
2πm
η˜0
)
,
a2 = (η˜
2
0 − 1) cos
(
4πm
η˜0
)
+ 2κ˜0 sin
(
4πm
η˜0
)
,
a3 = (η˜0 − 1)2Rl2
[
Rl2 + 2 cos
(
2πm
η˜0
)]
+ (η˜0 + 1)
2,
a4 =
{
(η˜0 − 1)2
[
1 + 2Rl2 cos
(
2πm
η˜0
)]
+ (η˜0 + 1)
2Rl22
}3
.
Appendix B: Calculation of ∂K0G
(0)
+ , ∂n0G
(0)
+ , and G
(1)
+
According to (14), (25), and (41),
G(0)(n,K) =
iA5K
2n˜T2
(
V ′+U
′
+e
−iK n˜ − V ′
−
U ′
−
eiK n˜
)
, (55)
where U ′
±
and V ′
±
are given by (26) and (28) with n0 and K0 replaced by n and K, respectively. In
view of (37) and (55),
∂n0G
(0)
+ (n0,K0) =
A5K0n0V−U−e
iK0n˜0
T2(n20 − sin θ2)
[
K0 − 2i(b− n˜
2
0 + b+)
V−V+U−U+
]
, (56)
∂K0G
(0)
+ (n0,K0) =
A5K0V−e
iK0 n˜0
T2U+
[
(n˜20 − 1)
(
eiK0 +Rl2 e
−iK0
)2
+ 4b′Rl2 +
4aRr1U−U+
V−V+
]
, (57)
where b± := R
l
2 + (R
r
1 ± 1) e2iK0 − Rr1Rl2(Rr1 +Rl2 ∓ Rr1Rl2) e−2iK0 .
Next, we compute G
(1)
+ (n0,K0). In terms of
G
(1)
± (0) := ζ
′
1(0)± iKζ1(0), (58)
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it takes the form: G
(1)
+ (n0,K0) = G
(1)
+ (0) + G
(1)
− (0)R
r
1. We can use (23), (27), and (58) to evaluate
the right-hand side of this relation. This gives
G
(1)
+ (n0,K0) =
A5 |A5|2 V−eiK0n˜0
U+
∫ 0
1
h2(z′) |h(z′)|2 dz′, (59)
where h(z) :=
[
U+e
iK0n˜0(z−1) + U−e
−iK0n˜0(z−1)
]
/2n˜0. Performing the integral in (59) and making
repeated use of (27), we find
G
(1)
+ (n0,K0) =
−iA5 |A5|2 V−eiK0 n˜0
16K0n˜30n˜
∗
0U+
{
3
[
U2
−
|U+|2 F+(n˜0)− U2+ |U−|2 F−(n˜0)
]
+ 3U−U+
[|U+|2 F+(−n˜0)− |U−|2 F−(−n˜0)]+ U∗+U3−F+(3n˜0)
− U∗
−
U3+F−(3n˜0) + U2+ |U+|2 F+(−3n˜0)− U2− |U−|2 F−(−3n˜0)
}
, (60)
where F±(a) := [1− e±iK0(n˜∗0+a)]/(n˜∗0 + a).
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